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Efficient operation sequences to couple and interchange quantum information between quantum 
dot spin qubits of different kinds are derived using exchange interactions. In the qubit encoding of a 
single-spin qubit, a singlet-triplet qubit, and an exchange-only (triple-dot) qubit, some of the single¬ 
qubit interactions remain on during the entangling operation; this greatly simplifies the operation 
sequences that construct entangling operations. In the ideal setup, the gate operations use the intra¬ 
qubit exchange interactions only once. The limitations of the entangling sequences are discussed, 
and it is shown how quantum information can be converted between different kinds of quantum dot 
spin qubits. 


I. INTRODUCTION 

Small arrays of singly occupied quantum dot (QD) 
qubits ar e no w fabricated in GaAs and silicon with great 
reliability.lil^ These setups are of high interest for quan¬ 
tum computation because the electron spin can be used 
as a qubit .1^ Besides the single-spin qubit encoding, also 
more advanced qubit encodings have been suggested. 
Most promising are the singlet-triplet qubit (STQ)® and 
the exchange-only qubit These qubits encode quantum 
information in the = 0 spin subspace of a two-electron 
double QD (DQD) or in two of the eight possible spin 
configurations of a three-electron triple QD (TQD). 

For all the described qubits, single-qubit gates have 
been realized with high fidelities. ElectricP^ or 
magneticPES! field pulses can nowadays control single 
spins with very high fidelities. High-fidelity gates for 
STQs are also possible when the electron configuration 
of the DQD is modified while the magnetic field across 
the DQD is inhomogeneous.^ E xperim entally, a prepara¬ 
tion of the nuclear magnetic field^^E^ or a micromagnetP^ 
created such static magnetic field configurations. The 
three-electron T QD ca n be operated using exchange in¬ 
teractions alone more optimal qubit control has 

been realized if som e of t he exchange interactions are 
not reduced to zero.I^^E^ Two-qubit gates have been 
proposed f or all the qubit encodings using exchange 
couplings,while experiments have realized these 
gates only for single-spin qubits.^ STQs or exchange- 
only qubits can be coupled indirectly via their charge 
sector, e.g., usi ng Coulo mb interaction^^!] or couplings 
via cavity modesThese approaches have not been 
successful yet due to a high amount of dephasing that is 
caused by charge noise 

The present study assumes that universal qubit con¬ 
trol is possible for the encoded qubits, while two QDs 
from different qubits are exchange coupled. Operation 
sequences for entanglement generation and qubit conver¬ 
sion are derived between QD qubits of different kinds. 
The operation sequences profit from always-on single 
qubit Hamiltonians during the entanglement sequences. 


as in earlier studies of TQDs.l^nHH For STQs, the mag¬ 
netic fields at the QDs should be prepared independently. 
Their values need to differ anyway to realize single-qubit 
control. For the exchange-only qubit, a linear TQD ar¬ 
rangement is considered. Here, the exchange couplings 
between the neighboring pairs of QDs remain always at 
similar magnitud es. Su ch setups have been used in a pre¬ 
vious experiment and can be realized if the occupa¬ 
tion of the middle QD is made unfavorable by incr easin g 
its chemical potential compared to the outer QDs.li^li^ 

The main finding of this paper are explicit operation 
sequences to entangle QD qubits of different kinds. The 
always-on single-qubit couplings greatly simplify the op¬ 
eration sequences because they reduce the possibility 
of leakage from the computational subspace. Effective 
Hamiltonians and entangling sequences are derived; the 
setups only require two operation sequences to entan¬ 
gle a single-spin qubit and a STQ (or an exchange-only 
qubit and a STQ), or four operation sequences to entan¬ 
gle a single-spin qubit and an exchange-only qubit. It is 
shown how the entanglement sequences can be used to 
swap quantum information between the qubits, and the 
limitations of the operation sequences are discussed. 

The simplicity of the entangling operations shows that 
a large lattice of QD qubits does not necessarily need to 
contain identical types of coded qubits (cf., e.g., the de¬ 
scription of large scale quantum computation with STQs 
in Ref. |30]). One can easily convert and couple different 
QD qubits using the operation sequences derived in this 
paper. As a consequence, it is possible to use a qubit en¬ 
coding just for the situation when it is most optimal. It 
is known that single-spin qubits have exceptionally long 
coheren ce ti mes, which makes them an ideal quantum 
memory.kUU Encoded spin qubits, like the STQ or the 
exchange-only qubit, can be employed in their orbital 
sector, which makes th em m ore ideal for readout or for 
long-distance couplings .13^ It is also possible to use the 
described operation sequences to couple QD spin qubits 
to other spin qubits, like, e.g., donor-bound spin qubits.^^ 
The electron spin bound to a donor atom is a well-known 
qubit candidate with many impressive experiments of co- 
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herent spin control in recent years P^MSSI Also tunnel cou¬ 
plings between dono r-bou nd and gate-defined spin qubits 
were shown recentlyP^MI 

The organization of the paper is as follows. Sec. |TT] in¬ 
troduces the mathematical descriptions of the single-spin 
qubit, the STQ, and the exchange-only qubit. Sec. |III| de- 
rives the operation sequences to entangle QD qubits of 
different qubit encodings. Sec. |IV| discusses the limita¬ 
tions of these operations and describes how quantum in¬ 
formation is converted between different qubits. Finally, 
the results of the paper are summarized. 


II. QUBIT DEFINITIONS 
A. Single-spin qubit 

A single spin defines a qubit using the states | 0 ) = |t) 
and | 1 ) = 14 ,).!^ Universal qubit control is realized when 
a magnetic field can be tilted to two different directions. 
The control mec hanis ms to manipulate spins are mag¬ 
netic field pulses,l2l2Hl moving spins in static magnetic 
fields with spin-orbit interactions,!^ an d drivi ng spins 
through areas of different magnetic fields Without 
further discussing the exact mechanism, it is assumed 
here that the magnetic field direction can be rotated to 
the z and x directions to generate rotations around the 
z and X axes of the Bloch sphere. These single-qubit 
gates are labeled 'Lff, = and 

where cr^ = |t) (tl - li) (il and cr^, = |t) U| -f |i) (t| 
are the Pauli operators. The phase accumulation (f> = ^ 

{(j) = is caused by the Zeeman energy = g^J.BBz 
(Ez; = gfJ-sBx) of the magnetic field in the z direction (x 
direction) 


B. Singlet-triplet qubit 

STQs are coded using the Sz = 0 spin subspace of 
a two-electron DQD.I^ QDi and QD2 label the individ¬ 
ual QDs of the DQD. Ideally, the electrons are spatially 
separated, and each QD is occupied with one electron. 
The logical qubit states are defined by | 0 ) = jti) and 
|1) = lit), where the first entry labels the electron at 
QDi, and the second entry labels the electron at QD2. 
Single-qubit control is realized using a magnetic field gra¬ 
dient between the QDs, corresponding to energy differ¬ 
ences ^ {az,i - az,2), with = {Ez,i - Ez,2)l‘2; 

and the exchange interaction between the QD electrons 
^ (cTi • 0-2 - 1). (Ti = {crx,i,cry,i,cFz,i) IS the vector of 
Pauli matrices at QD^. 

/S.Ez is usually static in experiments, but J12 can be 
tuned within subnanoseconds by controlling the tunnel 
coupling or the potential difference of the QDs.!^ The 
magnetic field gradient generates rotations around the 
z axis of the Bloch sphere with 

(j) = 2AEz/h, and rotations around the x axis are caused 


by the exchange interaction = e-* 27 r|(<Ti• ct2-i)^ with 
(j) = Ji2/h. To reduce the leakage probability, ex¬ 
periments are always done at global magnetic fields 
(0-2,1 + 0-2,2), with Ez = {Ez,i + if2,2)/2, that lift the 
degeneracy between the leakage states {|tt),l44')} ^-nd 
the computational subspace {|0), |1)}. 


C. Exchange-only qubit 

The exchange-only qubit is coded using the S = ^, 
Sz = \ subspace of three electrons.!^ The following opera¬ 
tions require the initialization to a subspace encoding .!23 
In any case, applying strong, global external magnetic 
field eases controlled state initializations. The three 
singly-occupied QDs are labeled by QDi, QD2, and QD3. 
The qubit states are defined by | 0 ) = ^ (Itti) ~ IJ-tt)) 

^ (ItU) + IJ-tt)) - -yiltit), with the 
spin labels Io-qd^jO-qd^jO-qDj). The sum of the ex¬ 
change interactions j [(cri • 0-2 — 1 ) -I- (<T2 • 0-3 — 1 )], 
with J = (J12 -f J23) / 2 , and their differ¬ 
ence ^ [(cTi • (T2 - 1 ) - (0-2 • 0-3 - 1 )], with 

AJ = (J12 — J23) /2, provide universal control of the 
subspace {| 0 ), | 1 )}. J causes a rotation around the z axis 
of the Bloch sphere Z,^ = 

with (j) = J/h, and AJ causes a rotation around 

the X axis with 

(f) = '/SAJ/h. In typical qubit manipulation protocols, 
J is consta nt an d large, while AJ is rapidly driven 
around zero.!^^^ 


III. INTERFACES BETWEEN SPIN QUBITS 
A. Single-spin qubit and singlet-triplet qubit 

Fig. B a) shows a trio of singly-occupied QDs that en¬ 
codes a single-spin qubit and a STQ. QDi defines the 
single-spin qubit, with the qubit levels {|0^), |l^)}. QD2 
and QD3 define the STQ, where the qubit levels are called 
{| 0 ^),|l^)}. A general Hamiltonian in this setup is 

(cTi ■ (T2 - 1 ) + ^ (0-2,1 + 0-2,2 + 0-2,3) ( 1 ) 


QDi and QD2 are coupled by the exchange coupling J12 
that is described by the first term in Eq. Q . The second 
term describes the global magnetic field Ez, and the last 
two terms are the deviations of the local magnetic fields 
at QD2 and QD3 from Ez- To construct entangling op¬ 
erations, (0-2,1 + 0-2,2 + 0-2,3) and ^^^az,3 can be ne¬ 
glected because these terms commute with the remaining 
parts of Eq. Q, and they generate only irrelevant phases. 
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(a) single-spin qubit STQ 

• 00 

QDi QD2 QD3 



Figure 1 . Entangling operation between a single-spin qubit 
and a STQ. (a) QDi defines a single-spin qubit with the qubit 
levels {lO*"), 1 1'")}; QD2 and QD3 define a STQ with the qubit 
levels {| 0 ^), 11 ^)}. A weak tunnel coupling between QDi and 
QD2 couples the single-spin qubit and the STQ. (b) Sequence 
to create a CPHASE between a single-spin qubit (coded on 
QDi) and a STQ (coded on QD2 and QD3). and are 
the phase gates of the qubits L and R. is defined in 

Eq. III. 


The relevant time evolution is described by 

( 2 ) 

with (j) = Ji2/h and '0 = Ez^2/h. 

Only the states in the subspace 
{|oLo^)JoLl^),|lLo^), |lLlR),|;tt),ltU)} are coupled 
in Eq. Q. There is no evolution from computational 
states to leakage states for y/(f)"^ + = Z. An entan¬ 

gling operation that is, up to local unitaries, equivalent 
to the CPHASE operation is realized for ip = Z 
One can used, e.g., ^3/2’ ^ CPHASE in the basis 

( 10 ^ 0 ^), lO^fR), |lLoR),’|lLlR)} is [see Fig.[^b)]: 

= e-*5CPHASE. (3) 

B. Single-spin qubit and exchange-only qubit 

Fig. a) shows a quartet of singly-occupied QDs 
that encodes a single-spin qubit (QDi; qubit states 
{|0'^), |l'^)}) and an exchange-only qubit (QD2-QD4; 
qubit states {| 0 ^), |l^)}). A general interaction in this 
setup is 

(c’’i • <T2 — 1) -h — (Czp + fTz_2 + (^z ,3 + 

+ ^ [(cr2 • 0-3 - 1 ) -I- (0-3 • (T4 - 1 )] . ( 4 ) 

The first term in Eq. (@ is the exchange coupling between 
QDi and QD2. The second term is the global magnetic 


(a) single-spin qubit exchange-only qubit 


• 000 

QDi QD2 QD3 QD4 


(b) QDi 
QD2 
QD3 
QD4 



Figure 2 . Entangling operation between a single-spin qubit 
and an exchange-only qubit, (a) QDi defines a single-spin 
qubit with the qubit levels {| 0 '"), QD2-QD4 define an 

exchange-only qubit with the qubit levels {| 0 ^),|l^)}. A 
weak tunnel coupling between QDi and QD2 couples the 
single-spin qubit and the exchange-only qubit, (b) Sequence 
to create a CPHASE between a single-spin qubit (coded on 
QDi) and an exchange-only qubit (coded on QD2-QD4). Z^ 
and Z^ are the phase gates of the qubits L and R. W® is 
defined in Eq. 0- 


field, and the third term describes the exchange couplings 
of the exchange-only qubit. 

^ (o’z.i + <^z,2 + <7^,3 + commutes with the re¬ 
maining parts of Eq. Q, and this term causes only an 
irrelevant time evolution of the single-spin qubit. The 
relevant time evolution through Eq. Q is 

_ g-i27r{|(<Ti <T2-l)-|-$[(<T2 <T3-l)-|-(CT3 Cr4-l)l}^ 

with (j) = Ji2/h and ip = J/h. There are exact entangling 
operations between a single-spin qubit and an exchange- 
only qubit that use Eq. (|^. However, these sequences 
are complicated and involve many operation steps.l^ 
Simpler entangling operations can be constructed for 
J ^ Ji2- The computational subspace is part of 
the four-spin subspaces S' = 0 , Sz = 0 and S = 1 , 
Sz = 1 , 0 , which together have eight dimensions.!^ Be¬ 
cause the Hamiltonian in Eq. Q preserves the spin 
quantum numbers, it is sufficient to describe the time 
evolution only in the four-spin subspaces S = 0 , 

Sz = 0 and S = 1 , Sz = 1,0 that are spanned by 
{|OLoR), loLfR), |Zi), IlLfR), IZ2), 1/3), Ik)}, with 

h) = |0^)|m_i/2), 1 ^ 2 ) = |0^)|u_i/2), IO 3 OC 

0 ^) Q_i/2) - |1^)|Qi/ 2), and \l)^ oc V 3 | 1 ^)|Q 3 / 2 ) - 
0 ^) Qi/ 2)- The states lu-1/2) = ^ (ItU) - lUt)) 

and |u_i/2) = ^ (ItU) + lUt)) - span the 

S = 5, Sz = — 5 spin subspace of three electrons; 
IQ 3 / 2 ) = IQ 1 / 2 ) oc Itti) + It4't)+I4'tt)j lQ- 1 / 2 ) oc 

lUt) + litj.) + ItU^ and lQ- 3 / 2 ) = IJ-U) are the S = f 
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quadruplet states of three spins. The spin labels corre¬ 


spond to IctqDj , ctqDj , ) in these state definitions. 

The projection of Eq. Q to the given basis is 



( 6 ) 


It is sufficient to consider the time evolution in the snb- 
spaces of equal energies that are defined by and J. 
The borders in the matrix of Eq. ^ indicate these snb- 
spaces. Ji2 conples these snbspaces, but for Ez,J^ J12 
these processes can be neglected. 

After neglecting all the entries ontside of the marked 
snbspaces in Eq. (|^, also the time evolutions of E^ 
and J factor becanse they commute with the remain¬ 
ing entries. The global magnetic field ^{az,i -I- crz,2 + 
o'z,3 + crz,4) ~ the ex¬ 
change interaction j [{(T2 ■ cr^ — 1 ) (<73 • <74 — 1 )] ~ 

^ (|0^) (0^1 — canse single-qubit time evo¬ 

lutions that will be neglected in the following. 
Eq. ® can then be simplified on the snbspace 
{|0L0^, lO^lR), IiLqR), |Zi), |iLiR), \l^)} to 



( 7 ) 


diag {a, 6,... } describes the matrix with the diagonal en¬ 
tries a, b, , and (j) = Ji2/h. 

A single time evolution under Eq. Q is never 
entangling becanse the criterion to prevent leakage 
only permits single-qubit gates. The two-step se¬ 
quence is equivalent to a CPHASE gate 

for 0 = I -I- |Z. A CPHASE operation in the ba¬ 
sis |l^l^)} is created by [see 

Fig.gb)]: 


= CPHASE. (8) 

Note that the implicit single-qnbit phase evolutions 
through Ez and J, that are neglected in Eq. 0 , need 
to be included in Z^/2 1^/4. 


C. Singlet-triplet qubit and exchange-only qubit 


A quintet of singly-occupied QDs, as shown in 
Fig. I^a), defines a STQ (QD1-QD2; qubit states 
{| 0 ^) 7 fl'^)}) and an exchange-only qubit (QD3-QD5; 
qubit states {| 0 ^), |l^)}). A possible interaction in this 
setup is 


[((73 ■ 0 - 4 - 1 ) + ((74 • (75 - 1 )[ ( 9 ) 

, "723 / -N , Ez,2 

+ — {0-2 ■ 0-3- 1) + -^Crz,2 

Ez 

+ Wz,l + 0'z,2 + 0'z,3 + ^z,4 + CTz.s) • 


The first term in Eq. 0 describes the single-qubit inter¬ 
action of the exchange-only qubit for J34 = J45, with the 
abbreviation J = (J34 -|- J45) / 2 . The second term is the 
exchange interaction between QD2 and QD3. A global 
magnetic field across all five QDs, Ez, is represented by 
the last term. Ez^2 is a small deviation of the local mag¬ 
netic field at QD2 from the global magnetic field. Note 
that a possible deviation of the magnetic field at QDi, 
Ez^i, is irrelevant when the exchange interaction between 
QDi and QD2 is reduced to zero. 1 would only canse 
single-qubit evolutions of the STQ. 

The time evolntion under Eq. 0 can be nsed to con¬ 
struct an entangling operation between the STQ and the 
exchange-only qnbit. Similar to the discussion in the pre- 
vions section, Ez and J are mnch larger than 2 and 
J23. Therefore the qubit time evolution can be described 
nsing only the five-spin snbspaces S = ^, Sz = ^ and 
S = ^, Sz = ^ that have together nine dimensions. 

For Ez,J S> Ez^2,J23, only the states 
jmi) = |T+)|u_i/ 2) and [7712) = |T+)|w_i/2) cou¬ 

pled significantly to the compntational snbspace 
through Eq. 0. These states are eigenstates of 
^ [((73 ■ 04 — 1) + ((74 • (75 — 1)], and they have iden¬ 
tical energies as the qubit states. |u_i/2) and |z;_i/2) 
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span the S = Sz = subspace of the spins at 
QD2-QD4 (using the definitions from Sec. |IIIB[ ). m3 = 

^\\T-)\Q3/2) - \l\\Tf))\Q 1/2) +\J\\T+)\Q-112), rn 4 = 

^J~^\T-)\Q 3 / 2 ) + \f^\'^o)\Qi/2) — \[^\'^+)\Q-1/2), 

and ms = |5')|Q3/2) have different energies, 


and therefore these states can be neglected. 

|T+) = Itt), |To) a in) + in), \T-) = in), and 

1‘S'o) = in) ~ in) are the usual triplet and sin¬ 
glet states at QD1-QD2. Projecting Eq. to 
|no^), |mi), jo^n), |nn), |m2)} gives 


2 

J 23 

4 

0 


0 


J 23 

4V3 




_ J 23 
2 V 3 


0 


Ez — J-\-Ez^2 

J 23 

0 




J 23 
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4U3 




0 


0 


Ez — J -\-Ez^2 

J 23 

J 23 




J 23 




2 

4 

2 v 43 




4^/3 


■^23 




J 23 


Ez — 3J—Ez,2 

5 J 23 

0 


J 23 


4V3 




2 V 3 


2 

12 


3 




■-723 




0 


Ez — 3J-\-Ez,2 

J 23 

0 




4^3 





2 

12 


■^23 




J 23 


J 23 


0 


Ez — 3J-\-Ez,2 

5 J 23 

2 U 3 




4V3 


3 



2 

12 


( 10 ) 


Eq. ( 10 1 contains two subspaces of virtually identical en- Fig. ib)]: 


ergies, as marked by the borders in the matrix. All the 
terms that couple these subspaces can be neglected. 

After neglecting the block off diagonal entries in 
Eq. ( 10 1, also the time evolutions of Ez and J factor 


because they commute with the remaining entries. The 
time evolution through ^[(0-3 • 0-4 — l) + (cr4 • 0-5 — 1)] ~ 
^(|oR)(oR| - |n)(n|) causes only single-qubit time 
evolutions of the triple-QD qubit, and Ez causes global 
phase evolutions. The remaining time evolution is 


7 /Ci + 


( 11 ) 


mi = — diag 


1 1 1 



4 ’ 4 ’ 4 ’ 
m2 =diag{-l, 1,1,-1,1,1}, 

with (j) = J23//1 and ip = Ez^2/h. 

Eq. (Ill causes no leakage for ^^/ 4 xp~+~ 91 p^ = 


27 ^ + 1 , and an entangling operation is realized for 
I { 2 (p — 2 >ip) = Z. Alternatively, it is also possible to 
use \yjApP 


+ 9 ip^ = 2 Z and 1 { 2 (p — iip) = Z -|- 1 . E.g., 


the entangling operation lA, 


3 /( 2 V 2 )MV 2 


gives a CPHASE 


in the basis {|0^0^), |0^1^), |l^0^), |l^l^)} using [see 


7 A 

A / V2(4-1-V^)(2 ^/2). 1 / ^/2 


e^^CPHASE. (12) 


Note that in the construction of Eq. ( 12 1, it was as¬ 


sumed that J12 is turned to zero during the entangling 
operation. Small values of J12 can only be tolerated if 
they are much smaller than Ej, 2- An alternative gate 
can be constructed for large J12. In this case, Eq. ([^ is 
modified to 


yC2 -^12 ' J 


T-L ^ =— (cTi • 0-2 - 1 ) -I- - [(0-3 • <74 - 1 ) -I- (<T4 • <T5 - 1 )] 


YjEz / X J23 / \ 

H-^ + <^z,2) + {^2 ■ cTa ~ 1) 

Ez 

H-^ {<^z,l + <^z,2 + <^2,3 + <^z,4 + *^ 2 , 5 ) • 


( 13 ) 


Eq. ( 131 contains the exchange interactions J12, J23, 
and J. Additionally to a global magnetic field Ez, 
the sum of the magnetic field variations at QDi and 
QD2 are important T,Ez = (Ez,i + Ez,2)/‘^- The mag¬ 
netic field difference = {Ez^i — Ez^2)l‘^ can be ne¬ 
glected if it is much smaller than J12. Using the equiv¬ 
alent arguments as before for Ez,Ji2,J ^ T,Ez,J23, 
the qubit time evolution is restricted to the subspace 
||ro 0 ^) \mi), iTol^), |m2), jS'oO^), jS'ol’^)}. Projecting 
Eq. ( 131 to this basis gives 
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All the terms in Eq. (14 \ outside of the marked sub¬ 


spaces are neglected for J12, J ^ J23. Neglect¬ 

ing the contributions of E^, J, and J12 (again these terms 
commute with the remaining entries in Eq. ( | 14 [ ), and they 
cause either global phase evolutions, or single-qubit time 
evolutions) the effective time evolution is 


(a) STQ 





exchange-only qubit 


000 

QDi QD2 QD3 QD4 QD5 



^C2 g-i2ir(0mi-|-i/im2) 

mi = —diag 
m2 = diag {0,1, 0,1,0,0} , 

with (j) = J23/h and tjj = EEz/h. The con¬ 

tributions of J12 and J are irrelevant in Eq. 0 
because only single-qubit time evolutions are gener¬ 
ated: ^[CTI-(T2-1) ~ ^(|0L)(0L| - |lL)(lL|) 
and I [(0-3 • 0-4 - 1 ) -k (0-4 • 0-5 - 1 )] ~ ^(|0^)(0^| - 
^ 1 ^ 1 ). Also the phase evolution through E^ is ne¬ 
glected. 


The time evolution in Eq. ( 151 causes no leakage for 


2 \j 4 ’'^ ~ + EtjP' = 2 Z -I- 1 , and an entangling op¬ 

eration is realized for (</> — 6 ' 0 ) = Z. Alternatively, 
it is also possible to use \\J + 4 ^^ = 2 Z and 
~ 6'*/') = ^ + |- For example, the entangling op¬ 
eration i/( 2V2) ^ CPHASE gate in the basis 

{jO^O^), jO^l^), jl^O’^), jl^l^)} using [see Fig.[|; 


H"2f/2^3%,l/(2V2) 


T . 3 {\/ 2 - 2 ) 

rL = —4—CPHASE, ( 16 ) 


where H is the Hadamard gate. 


(b) QDi - 
QDj - 
QD3 
QD4 
QDg - 

(c) QD4 - 
QDj 
QD3 
QD4 - 
QDg - 


CZ 


CZ 


= -U. 


3/(2v^).l/\/2 




I 7 R 

^(4+v^)/8 




u: 


3/x/2.1/(2v/2) 




H ^1/2 


Figure 3 . Entangling operations between a STQ and an 
exchange-only qubit. QDi and QD2 define a STQ with the 
qubit levels {[o'"), 11 '")}; QD3-QD5 define an exchange-only 
qubit with the qubit levels {j 0 ^),|l^)}. A weak tunnel 
coupling between QD2 and QD3 couples the STQ and the 
exchange-only qubit. (b)(c) Sequences to create a CPHASE 
between a STQ (coded on QDi and QD2) and an exchange- 
only qubit (coded on QD3-QD5). Z^ and Z^ are the phase 
gates of the qubits L and R. and are defined in 

Eq. (Ill and Eq. ( 15 l. The CPHASE gate is abbreviated as 
CZ, and H^ is the Hadamard gate for qubit L. 


IV. DISCUSSION AND CONCLUSION 

It has been shown that the exchange interaction can be 
used to entangle a pair of QD qubits for all the distinct 
qubit encodings. Besides the single-qubit control, which 
has been experimentally realized for all the described spin 
qubits, only exchange interactions between a pair of QDs 
of different QD qubits are needed. With the flexibility of 


the spin qubit setup, i.e. by keeping constant exchange 
interactions (for the STQ or the exchange-only qubit) or 
allowing local magnetic field variations (for the STQ), 
very short operation sequences can be constructed to en¬ 
tangle QD qubits. To entangle a STQ with a single-spin 
qubit or an exchange-only qubit, only one exchange in¬ 
teraction is needed between QDs of the different qubit 
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(a) 1 



Gate errors for the operation sequences of 


Figure 4 . 

Eq. Eq. (12 I, and Eq. ( 16 l. Only the operations 

^37(2^),1/V2’ ^37 ^.i/(2v/2 ) analyzed. The gate er¬ 

rors are characterized by the deviation of the entanglement 
fidelity F = tr from 1. p*^® = 

|RS) {RS| Is the maximally entangled state of two identical 
subspaces R and S, e.g., |RS) oc | 0000 ) -I- | 0110 ) -|- | 1001 ) -I- 
and the time evolutions Wideai and Wreai act only on 
S while R remains unchanged, (a) For (blue curve) 

and i/v/2 curve) the exchange interaction of the 

exchange-only qubit J should be by more than one order of 
magnitude larger than J12 to reduce the gate error below 1%. 
(b) For i/(2v^)’ ^ should be large. The gate er¬ 

rors Increase for J12 = ?>J 12 , J12 = J, and J12 = J /2 (dashed 
lines) because of degeneracies in the level spectrum. 


types. To entangle a single-spin qubit and an exchange- 
only qubit, a sequence of two inter-qubit exchange inter¬ 
actions is needed. 

The advantage of exchange-based entangling opera¬ 
tions is the controllability of the interaction mechanism. 
The exchange interaction depends on the tunnel cou¬ 
pling between distant QDs and their chemical poten¬ 
tials. It has been shown that exchange interactions can 
be tuned rapidly.l^ The limitations of the proposed en¬ 
tangling operations are similar to existing gate schemes. 




Figure 5 . Gate operations to interchange qubits using 
GPHASE gates, (a) The unconditioned SWAP operation re¬ 
quires three GPHASE gates together with Hadamard gates 
(H). (b) A simpler SWAP sequence can be realized if one of 
the qubits is initialized to a fixed state, e.g., | 0 ). Then the 
SWAP operation with an arbitrary state \ih) requires only two 
GPHASE gates. 


Local magnetic!^ and electric fielcP^ fluctuations are 
present in semiconductors. Both mechanism cause low- 
frequency fluctuations of the QD parameters. It is possi¬ 
ble to reduce the influe nce o f low-frequency fluctuations 
by refocusing protocols which can also be optimized 
numerically.^ Spin-orbit interactions are wea k in typ¬ 
ical QD materials like, e.g., GaAs or Si,^^^ and they 
should have minor influence on the proposed operation 
sequences. 

The constructions of the entangling operations in 
Sec. |IIIB| and Sec. |III C| used a few approximations. It 
was assumed that the exchange interaction between the 
QDs of the STQ, or between the QDs of the exchange- 
only qubit are constantly turned on, while their magni¬ 
tudes are much larger than the exchange interaction be¬ 
tween the neighboring QDs of the different qubits. Fig.|^ 
show that about one order of magnitude difference in the 
interaction strength is sufficient to reduce the effective 
gate errors below 1 %. These gate errors are sufficient 
for quantum computation with standard quantum error 
correction protocols 

Besides entangling different kinds of spin qubits, it 
might also be useful to interchange quantum informa¬ 
tion between them. Fig. shows operation sequences 
for SWAP operations that only rely on GPHASE and 
Hadamard gates (cf. Ref. [SS]). An unconditioned SWAP 
is realized using three GPHASE gates; only two GPHASE 
gates are needed if the state of a qubit should be trans¬ 
ferred to another qubit that is initially in |0). 

Altogether, very efficient operation sequences have 
been constructed to couple and interconvert different 
kinds of spin qubits. These operation sequences can cou¬ 
ple all the standard qubit encodings in one, two, and 
three singly occupied QDs. Only the established single¬ 
qubit manipulation protocols are needed that have been 
successfully realized for all the qubit encodings. Differ¬ 
ent qubits are coupled using exchange interactions that 
are well controlled experimentally. With the curre nt ef- 
forts to build larger arrays of tunnel-coupled QDs,*^^*^ 
the proposed operation sequences can be tested directly. 
The interconversion of different spin qubits allows to use 

























































all the advantages of the different QD setups in large ar¬ 
rays of QDs. E.g., it is kn own tha t few-electron qubits 
couple stronger to cavitie^^^^^Ulll or metallic gatesj^ 
while sing le-spin qubits have extremely long coherence 
times P 2 l] Therefore the described operation sequences 
are another useful ingredient on the way towards quan¬ 


tum computation with large QD networks. 
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